We obtain a formula for the S-class number of an algebraic torus defined over a number field in terms of theétale and Galois cohomology groups of its character module. As applications, we give different proofs of some classical class number formulas of Shyr, Ono, Katayama and Morishita.
Introduction
Let T be an algebraic torus defined over a number field K with character groupT . Let S ∞ be the set of all archimedean places of K and S be a finite set of places of K containing S ∞ . Let O K,S be the ring of S-unit integers and U = Spec(O K,S ). We write j : Spec(K) → U for the inclusion of the generic point.
For each finite prime v of K, let I v be the inertia group of v. For n ≥ 1, the Tate-Shafarevich group III n (T ) is defined as the kernel of the restriction map
We also write [M ] for the order of a finite group M . Our main result is the following formula for the S-class number h T,S of T .
Main Theorem. Let T be an algebraic torus over a number field K with character groupT . Let Ψ n (j * T ) be the map H n et (U, j * T ) → v∈S H n (K v ,T ). Then
.
(1.1)
The class number is an important invariant of an algebraic torus. For example, it appears in the formulas for the special values of the L-function of the torus [Ono61] . Shyr proved a formula relating two class numbers of two isogenous tori in [Shy77] . Using Shyr's result, Ono [Ono87] obtained a formula for the class number of a norm torus of a Galois extension. Using a different method, Katayama [Kat91] found formulas for the class numbers of a norm torus and its dual for an arbitrary extension. Morishita used the techniques from Nisnevich cohomology to generalize Ono's formula to S-class number [Mor91] . More recently, Gonzalez-Aviles used the Nisnevich cohomology and the result of Xarles [Xar93] on the group of components of Néron-Raynauld models of tori to give a generalization of Chevalley's ambiguous class number formula and the Capitulation problem [GA08] , [GA10] . Even though the Nisnevich cohomology seems more natural for the questions concerning the class numbers of tori, we work with theétale cohomolgy as it is more elementary and has more machinery. The proof of our Main Theorem uses homological algebra techniques together with results in Galois andétale cohomology, for example the Poitou-Tate exact sequence and the Artin-Verdier Duality. As applications, we will give different proofs of the formulas of Shyr, Ono, Katayama and Morishita mentioned above. Although the following is not discussed in this paper, we cannot resist mentioning that (1.1) will be used in a future paper to prove the following theorem.
Theorem 1.1. Let T be an algebraic torus defined over a number field K with character group T . Suppose S is a finite set of places of K containing S ∞ . We denote h T,S , R T,S and w T for the S-class number, the S-regulator and the number of roots of unity of T respectively. Let L S (T , s) be the partial Artin L-function associated with the
This paper is organized as follows. In section 2, we recall some basic facts about algebraic tori and the Artin-Verdier Duality. In section 3, we obtain an exact sequence for Galois modules over local fields which is necessary for the proof of (1.1) given in section 4. The rest of the paper is for applications of (1.1). More precisely, we give different proofs of the formulas of Ono 
Preliminaries

Algebraic Tori
Let T be an algebraic torus defined over a number field K with character groupT . For each place v of K, let T v be the base extension of T to K v and letT v be the character group of T v . We define
Then T c v is the unique maximal compact subgroup of
The following definitions are taken from [Ono61] .
Definition 2.1. Let S be a finite set of places of K which contains S ∞ . Define
Definition 2.2. Let S be a finite set of places of K containing S ∞ . Define
Cl S (T ) := T A /T (K)T A,S -the S-class group of T.
Then T (O K,S ) is finitely generated and Cl S (T ) is a finite abelian group. We denote h T,S for the order of Cl S (T ), it is also called the S-class number of T .
Proposition 2.3. We have the exact sequences
Then (2.1) follows immediately. To prove (2.2), we only need to apply the Snake Lemma to the following commutative diagram
and invoke (2.1) for S and S ∞ . The last statement follows from (2.2) and the fact that
Artin-Verdier Duality
Let K be a number field with Galois group G K and X = Spec(O K ). Let U be an open subscheme of X. For any sheaf F on U , let F v be the unique discrete G Kv -module corresponding to the pull-back of F to Spec(K v ). In [Mil06, page 165], Milne constructed the cohomology groups with compact support H r c (U, F) which satisfies the following long exact sequence
where H r (K v , F v ) is the usual Galois cohomology if v is a finite prime and is the Tate cohomology if v is an archimedean prime. For an abelian group A, letÂ be the profinite completion of A and
The following theorem will be used many times in this paper.
Theorem 2.4 (Artin-Verdier Duality). There is a canonical isomorphism H
is finitely generated and α r (F) induces an isomorphism of profinite groupsα 
For
. Proof. It suffices to assume F = i * M where i : p → U is the immersion of a closed point p of U and M is a finite discreteẐ-module. As the generic stalk of
Example 2.7. Let N be a discrete G K -module, torsion free as an abelian group. Then any subsheaf of R 1 j * N is negligible. Indeed, the generic stalk of R 1 j * N vanishes so it only has finite support.
Moreover, ifp is a geometric point over a closed point
Proposition 2.8. Let M be a discrete G K -module, torsion free and finitely generated as an abelian group. Then
are of cofinite type for n = 2, 3. Proof. By [Ono61, 1.5.1], there exist finitely many Galois extensions {K µ } µ , {K λ } λ of K, a positive integers n, and a finite G K -module N such that we have the exact sequence
where Q is a constructible sheaf.
is finitely generated, finite, cofinite type for n = 0, 1 and 2, 3 respectively. Therefore, by the long exact sequence of the Ext-groups associated to (2.5), we obtain the similar statement for
, it is finitely generated. By the long exact sequence of H n et (U, .) associated with (2.5) and the fact that H 1 et (U, Z) = 0, we deduce that H 1 et (U, j * M ) is finite. Finally, we have the exact sequence from (2.3)
is finitely generated for all n (note that for v ∈ S ∞ , H n (K v , M ) means the Tate cohomology group), H n c (U, j * M ) is finitely generated for n = 0, 1.
Local Galois Cohomology
Let K be a number field with Galois group G K . Let U be an open subscheme of Spec(O K ) and j : Spec(K) → U . For each finite place v of K, we write K ur v for the maximal unramified extension of the completion K v of K. We denote by
andŌ v be the valuation rings of K v , K ur v andK v respectively. For the rest of this paper, by a discrete G K -module, we mean a finitely generated abelian group with continuous G K -action.
Lemma 3.1. Let F be a sheaf on U and F K be the G K -module corresponding to the sheaf j * F on
Proof.
collapses and yields Ext
The following sequence is exact
) is a subset of the right hand side. Conversely, let f be an element of the right hand side. Let L v be a finite Galois extension of K v such that the Galois group G Lv acts trivially on
As a result, the right hand side is a subset of H 0 (K v ,N c ).
Taking Pontryagin dual and use Tate's local duality Theorem, we have N ) ) is finite, so is W . To complete the proof, we shall show the following sequence is exact.
The map Ψ is defined as follows :
where v is the normalized valuation of K v . Then Ψ is a continuous map and
Proof of claim :
• To prove the other inclusion, we use the description of H 0 (K v ,N c ) from part 1. Let f ∈ ker Ψ and
We have the following exact sequence where all the maps are strict morphisms [Mil06, page13] 
As profinite completion is exact for sequences with strict morphisms [Mil06, page14] ,
As H 0 (K v ,N c ) is compact and totally disconnected (topologically it is a product of finitely many copies of O * v ), it is a profinite group. Therefore,
Moreover,Ŵ ′ = W which is a finite group. Hence W ′ = W . That completes the proof of the proposition.
2. Let N = Z/n. We have Z/n ≃ µ n . Therefore, (3.1) becomes
We have
(3.4)
Proof of the Main Theorem
Let T be an algebraic torus over a number field K with character groupT . Let S be a finite set of places of K containing S ∞ . For n ≥ 1, let III n S (T ) be the kernel of the restriction map
Lemma 4.1. We have the formula
Proof. We have the following commutative diagram
Applying the Snake lemma to the above diagram yields the exact sequence
Now we recall the Poitou-Tate exact sequence [Mil06, I.4.20],
Note that for n = 1, (4.2) is an exact sequence of finite groups. Therefore, (4.1) follows from (4.2) and the fact that [
Theorem 4.2. Let T be an algebraic torus over a number field K with character groupT . Let S be a finite set of places of
(4.4)
Proof. From the short exact sequence ofétale sheaves on U
we obtain the long exact sequence
By Lemma 3.1 and Proposition 3.2, (4.5) can be rewritten as
From (4.6), we note that ker(Θ 0 S ) ≃ Hom U (j * T , G m ) and
Note that cok(Θ 0 S ), ker(Θ 1 S ) are finite groups as Ext 1 U (j * T , G m ) is finite. For each finite prime v of K, we split the sequence (3.4) into
From (4.9), we obtain the following commutative diagram
The Snake Lemma combining with (2.1) yield T (O K,S ) ≃ Hom U (j * T , G m ) and
As cok(Θ 0 S ) is finite, (4.11) implies v / ∈S S v is finite and
(4.12) From (4.10), we have
By the Snake Lemma, we obtain
As cok(∆ 1 S ) and v / ∈S S v are finite, so are cok(Θ 1 S ) and v / ∈S H 0 (Ẑ, H 1 (I v ,T )). Therefore from (4.13) and Lemma 4.1,
(4.14)
Putting together (4.12) and (4.14), we obtain
The theorem will follow from the next lemma. 
Let R 1 be the cokernel of the map
From (4.2) for n = 2, we have the commutative diagram
The lemma follows from (4.8) and diagram chasing. As a result, Theorem 4.2 is proved.
Class Number Formulas for Norm Tori and Their Duals
Let L/K be a Galois extension of number fields with Galois group G. For each prime v of K, choose a prime w of L lying over v. If v is finite, let D w and I w be the decomposition group and the inertia group of w. Let e v (L/K) be the ramification index of v in L. For any finite Galois extension L/K, let L ′ /K be the maximal abelian subextension of L/K. Let S be a finite set of places of K containing S ∞ and S ′ be the set of places of L which lie over a place in S. Let π : Spec(L) → Spec(K) and π ′ : Spec(O L,S ′ ) → Spec(O K,S ) be the induced maps. If G is a finite group and M is a discrete G-module, we write H n T (G, M ) for the Tate cohomology.
be the dual torus of T . In this section, we shall compute h T,S and h T ′ ,S using (1.1).
For any place
v, [H 1 (K v , T )] = [H 1 (K v ,T )] = [L ′ w : K v ]. 3. For v / ∈ S ∞ , if w is a place of L lying above v then [H 0 (Ẑ, H 1 (I v ,T ))] = e v (L ′ /K).
Let I L be the group of ideles of
Proof. 1. We have the exact sequence
From (5.1) and the fact that H n (G, Z[G]) = 0 for n > 0, we deduce that
is also an induced D w -module, part 2) can be obtained from (5.1) as in part 1).
We have
. From sequence (5.4) and the fact that
Note that E m,1 2 = 0 for all m and E m,0 2 = 0 for m odd. Therefore, we obtain the exact sequence
4. This is proved in [PR92, page 307].
Proof. We have the exact sequence of G K -modules
Since R 1 j * Z = 0, (5.3) induces the exact sequence ofétale sheaves on
The long exact sequence of Ext-groups yields 
Now (5.2) follows from (5.5), Theorem 4.2 and Lemma 5.1.
Remark 5.3. We note a simple but useful fact : if P ic(O K ) = 0 then ker Ψ 1 (j * T ) = 0.
Proof. The character group of T ′ satisfies the following exact sequence
Consider the long exact sequence of (5.8)
The augmentation map ǫ in this case is just the multiplication-by-[G] map. Hence, part 1) follows. Part 3) is proved in [Kat91, page 685]. Let us prove part 2). Let w be a prime of L dividing v.
By (5.6), H 1 (I w ,T ′ ) ≃ H 0 T (I w , Z). As D w /I w acts trivially on H 0 T (I w , Z),
Proof. We have the following exact sequence ofétale sheaves on Spec(K)
To ease notation, let R = R 1 j * T ′ . We split (5.9) into
Let β n c be the map H n c (X, Q) → H n c (X, Z). From the long exact sequences of Ext-groups of (5.11), we obtain
Let α n c be the map H n c (X, π ′ * Z) → H n c (X, Q). Similar argument applied to sequence (5.10) yields
where S satisfies the exact sequence
). Therefore, (5.13) can be identified with the sequence
which is part of the long exact sequence of cohomology associated with
Proof. From the exact sequence
where the second equality follows from [Mil06, I.2.8].
Lemma 6.3. Let v be a finite prime of K. Then
Proof. From Corollary 3.3, we have the following commutative diagram
3) Note that all the vertical maps have finite kernels and cokernels. We have Now put together (6.4),(6.5) and Lemma 6.2, we obtain (6.2). .
